We consider a system of infinitely many hard balls in R d undergoing Brownian motions and submitted to a smooth pair potential. It is modelized by an infinite-dimensional Stochastic Differential Equation with a local time term. We prove that the set of all equilibrium measures, solution of a Detailed Balance Equation, coincides with the set of canonical Gibbs measures associated to the hard core potential added to the smooth interaction potential.
Introduction
One of the most fundamental problems in Statistical Mechanics is the characterization of the family of all stationary or reversible measures of stochastic dynamics. Kolmogorov analysed in his pioneer paper [13] the strong connection between time-reversible diffusions and Gibbs measures in the context of finite-dimensional processes. Since that time it has been extended to several stochastic models. Let us refer, among others, to Doss and Royer [4] for infinite-dimensional interacting Brownian diffusions on a lattice (see also [1] for an alternative proof), to Iwata [12] for P (ϕ) 1 -time diffusions, to Funaki [9] for a multi-dimensional Ginzburg-Landau continuum model or to Sakagawa [26] for a Ginzburg-Landau model of conservative type. Here, we consider the following continuous model : an infinite system of hard balls in R d , undergoing Brownian motions and submitted to the influence of a smooth finite range pair potential.
On one side, a system of infinite Brownian particles (i.e. balls with radius 0) with smooth pair interaction has first been treated by Lang who constructed it in [14] as solution of an infinitedimensional stochastic differential equation (see also [8] ). Lang also proved in [15] that the canonical Gibbs measures associated to the smooth potential are the unique reversible measures for such dynamics. Georgii obtained in [10] with different techniques a similar result for infinitedimensional Brownian diffusions associated to more general smooth potentials. On the other side, a system of infinitely many Brownian balls submitted to an external finite range pair potential was constructed by the authors in [5] (only for Gibbsian initial distribution). See also [29] for the case without external potential and [7] for an extension to infinite range pair potentials . The system is the unique solution to an infinite-dimensional Skohorod type equation (see equation (E) stated in section 2) where the hard core situation -balls cannot overlap -appears as a local time term in addition to the basic Brownian motion. We also proved in [5] that Gibbs states are reversible measures but we did not describe the structure of the family of all reversible measures. The goal of this paper is to clarify this last point.
In section 2 we introduce the infinite dimensional equation (E) and state the main results. In section 3 we construct a strong solution for (E) for an explicit set of deterministic initial conditions. We connect in section 4 the time-reversibility of the system with a symmetry property of the associated infinitesimal generator : it is the so-called Detailed Balance equation. In section 5 we show that any measure satisfying the Detailed Balance Equation also obeys to an integral equation exhibiting a symmetry property of the associated Campbell measure. We conclude the proof of the main theorem by proving that such a measure is necessarily canonical Gibbs.
Dynamics and main results

Configuration spaces
The particles we deal with in the present paper move in R d , for a fixed d 2, endowed with the Euclidian norm denoted by | |. B(y, ρ) will denote the closed ball centered in y ∈ R d with radius ρ ≥ 0 and more generally, for any A ⊂ R d , we define B(A, ρ) = {y ∈ R d such that d(y, A) ρ} where d(y, A) denotes the Euclidian distance between y and A. The volume of a subset A in R d is also denoted by |A|.
The modelization of point configurations may be done in two equivalent ways : The first possibility is to represent an n points configuration in R d as a subset (with multiplicity) of cardinal n in R d . The second possibility is to modelize it as a point measure
More generally, the set of all point configurations in R d will be the set M of all point Radon measures on R d :
M is endowed with the topology of vague convergence. By simplicity, we will identify any point measure ξ ∈ M with the subset of R d {ξ i , i ∈ I} corresponding to its support and with the representants of this subset in (R d ) I , writing for example ξ Λ = ξ ∩ Λ for the restriction of this configuration to Λ ⊂ R d , ξη for the concatenation of both configurations ξ and η; in particular, if y is a point in R d belonging to the configuration η we write η y for the configuration η without the point y. M ∩ (R d ) n is the set of all n points configurations. We introduce the following notations.
•
• For Λ ⊂ R d , B Λ is the σ-algebra on M generated by the sets {N A = n}, n ∈ N, A ⊂ Λ, A bounded.
• π (resp. π Λ ) is the Poisson process on R d (resp. on Λ) with intensity measure the Lebesgue measure dy (resp. dy| Λ ).
• For z > 0, π z (resp. π z Λ ) is the Poisson process on R d (resp. on Λ) with activity z, that is with intensity measure z dy (resp. z dy| Λ ).
The particles we deal with in this paper are not reduced to points but are hard balls or spheres of diameter r, for a fixed r > 0. So the set of allowed configurations is the following subset of M :
We will also use the set A Λ = {ξ ∈ A such that ∀i ξ i ∈ Λ} of allowed configurations with support in Λ ⊂ R d .
Remark 2.1 : (i)
The number of hard spheres in a unite volume of R d is bounded. In particular, if the evolution of the particles is defined by an interaction potential with finite range R > r, a fixed particle can interact with at most a finite number N of particles, where N only depends on d, R/r, and the density of the densest packing of equal spheres.
(ii) Furthermore, a fixed particle of any allowed configuration can touch at most a fixed number τ (d) of other particles, where τ (d) is the d-dimensional kissing number.
Proof (i) The sphere packing problem asks for the densest packing of balls of the same size into Euclidean d-space. It is trivial for d = 1 : the maximal density ∆(1) (that is the proportion of the space which is occupied by the spheres) is equal to one. The answer for d = 2 has long been known : the standard hexagonal packing is optimal (cf. Figure 1 ) and ∆(2) = π/ √ 12 = 0.9069.... The famous case d = 3 was only very recently solved by Hales [11] , who proved the old Kepler conjecture : ∆(3) = π/ √ 18 = 0.74048 and the so-called face-centered cubic packing is optimal. See [2] for an extensive study of the state of the art in 1998 and [20] for a recent review of the new proofs. 
(ii) The kissing number τ (d) (also called Newton number or contact number) is defined as the number of hard spheres that can touch one sphere in dimension d. It is trivial that τ (1) = 2 and for d = 2 τ (2) = 6 (see Figure 1) . In three dimensions, the value of τ (3) was the subject of a famous discussion between Newton (who believed the answer was 12) and Gregory (who thought that 13 may be possible) in 1694. The correct answer is 12, and the first complete proof was given in 1953 [27] . Up to now, the exact value of τ (d) is only known for three dimensions above d = 3 : τ (4) = 24, τ (8) = 240, τ (24) = 196560 (see [19] for the most recent progress on this topics). 
Interaction potential, associated Gibbs and Canonical Gibbs measures
For a complete description in a general framework of the concepts introduced in this section, we refer the reader to [10] . We are dealing with hard balls with diameter r submitted to the action of a pair potential, which is a function on R d of class C 2 with finite range R > r, i.e. satisfying ϕ(x) = 0 if |x| R and ϕ(x) = ϕ(−x). Due to the hard core situation the values of ϕ(x) may be chosen arbitrarily for |x| < r. In particular, one can assume without restriction that ϕ vanishes in a neighborhood of 0 and that ∇ϕ(0) = 0. Since ϕ has compact support, it is bounded from below : the smallest value of interaction between two particles is given by
If this real constant is zero there exists only repulsion between the balls; if it is negative there exists an attraction domain around each ball. The energy of a configuration ξ ∈ M submitted to the potential ϕ in the compact volume Λ ⊂ R d with the boundary condition η ∈ M is given by :
(the condition ξ Λ η Λ c ∈ A corresponds to configurations for which ξ Λ ∈ A, η Λ c ∈ A and no ball of η Λ c is overlapping a ball of ξ Λ ). This finite-volume energy is well defined since both sums contain no more than |B(Λ,r/2)| |B(0,r/2)| N terms, see Remark 2.1. Moreover, e −E Λ (ξ|η) vanishes as soon as the configuration ξ Λ η Λ c is not allowed. By extension, we can define a one-point energy as follows : for x ∈ R d and η ∈ M,
(this function is finite if and only if η is an allowed configuration for which the configuration xη with one extra ball centered in x is still allowed.) We now define the set G(z) of Gibbs measures on A associated to the potential ϕ with activity parameter z ∈ R + . For each compact subset Λ of R d , let us define a local density function with respect to the Poisson Process π z Λ by :
where the so-called partition function Z Λ,η z is the renormalizing constant :
Due to the hard core, the above series reduces to a finite sum and 0 < Z
Definition 2.2 A Probability measure µ on M belongs to the set G(z) of Gibbs measures on hard balls with activity z and associated potential ϕ if and only if, for each compact subset
Remark that any Gibbs measure in G(z) has its support included in A. Dobrushin proved in [3] , using compactness arguments, that there exists at least one element in G(z) when the potential contains a hard core component. Furthermore the set G(z) is convex and compact. About the cardinality of G(z), remarking that the sum of the hard core and the smooth potential ϕ is superstable and lower regular in the sense of Ruelle [23] , we do the following remarks : -If z is small enough, Ruelle proved that uniqueness holds (see [22] Theorem 4.2.3). In our case, a sufficient condition would be : z ≤ e N ϕ−1 (|B(0, r)| + 1 I r<|y|<R |1 − e −ϕ(y) |dy) −1 . -For z large enough it is conjectured (see [22] and [10] ) -but still not proved -that phase transition occurs : Card G(z) > 1. See also [18] for a construction of a hard core Poisson Process with applications in percolation theory and [30] for the description of such a process as a Gibbs cluster process.
We now define the set CG of canonical Gibbs states on A associated to the potential ϕ. Definition 2.3 A Probability measure µ on A belongs to the set CG of canonical Gibbs states on A for the pair potential ϕ if and only if, for each compact subset Λ ⊂ R d and n ∈ N, for µ-a.e. η,
where the partition function Z Λ,η,n for the particle number n is the finite renormalizing constant :
Since the potential ϕ is bounded from below by ϕ, using Remark 2.1 we deduce that the map y → E Λ (y|η) is bounded from below on R d by ϕN . Thus Georgii's conditions (6.11) and (6.12) from [10] hold, which allows to apply Theorem 6.14 of [10] and to deduce that the set of canonical Gibbs states CG is obtained by mixing elements of different G(z), z ∈ R + : for any µ ∈ CG there exists a probability measure θ on R + such that
The stochastic equation (E) and statement of the main results
Let (Ω, F, P ) be a probability space with a right continuous filtration {F t } t 0 such that each F t contains all P − negligible sets and let (W i (t), t 0) i∈N be a family of F t -adapted independent d-dimensional Brownian motions. Let us denote C(R + , M) (respectively C(R + , A)) the set of continuous M-valued (resp. Avalued) paths on R + , endowed with the topology of uniform convergence on each compact time interval.
Let ϕ be the smooth pair potential with finite range R introduced in the previous subsection. We consider the following infinite gradient system of stochastic equations satisfied by the Brownian balls :
where
• (L ij (t), t 0) i,j∈N is a family of non-decreasing R + -valued continuous processes satisfying :
A solution of the system (E) with initial condition x ∈ A is a family (
Theorem 2.4 The stochastic equation (E) admits a solution with values in A for any deterministic initial configuration which belongs to the set A ⊂ A defined by A = {x ∈ A :
and Ω x 1 are given in (8) and (9) ). Moreover if the initial configuration is random with distribution µ ∈ G(z) for some z > 0 and µ(A) = 1, then this solution is time-reversible, that is its law is invariant with respect to the time reversal. The construction of a solution for (E) when the initial condition is a fixed deterministic configuration is given in section 3, Proposition 3.1. The reversibility for an initial Gibbs measure is proven at the beginning of section 4, in Proposition 4.1.
We are now ready to state the main result of this paper.
Theorem 2.6 Suppose that µ is a probability measure on A with µ(A) = 1. Furthermore, suppose that for every Λ compact subset of R d and µ-almost all η, µ(.|B Λ c )(η) is absolutely continuous with respect to π Λ and its density u Λ (.|η Λ c ) has the following differentiability property :
If µ is an equilibrium measure for the gradient system (E) in the sense that the Detailed Balance Equation (15) holds under µ, then µ is a canonical Gibbs measure in CG.
Let us remark that measures which are locally absolutely continuous with respect to the Poisson Process, as in the above Theorem, only carry configurations without collisions.
Lemma 2.7 Let µ be a Probability measure on M. Suppose that for every Λ compact subset of R d and µ-almost all η, µ(.|B Λ c )(η) is absolutely continuous with respect to π Λ with density u Λ (.|η Λ c ).
Proof We first remark that
so we just have to prove that for any compact set Λ ⊂ R d we have µ(c(Λ)) = 0 where c(Λ) ⊂ M is the set of all configurations which contain a collision in Λ : c(Λ) = {γ ∈ M : ∃i, j, |γ i − γ j | = r with γ i ∈ Λ and γ j ∈ Λ}. By local absolute continuity of µ with respect to π we have :
Thus we only have to prove that π Λ (c(Λ)) = 0. This is straightforward since Lebesgue measure in R d does not carry any finite union of hyperplanes :
3 Construction of a strong solution
The solution of (E) will be constructed as a limit of approximating processes (X l ) l∈N * by penalization. In [5] and [7] we did it in a reversible framework. Here we need an explicit contruction of the set of allowed initial configurations and a pathwise construction in a non-reversible framework.
Since the proofs are very technical, we only present a squetch of the construction and refer the reader who wants more details to [6] . A visualization of the approximating processes moving in R 2 may be found at : math.univ-lille1.fr/~fradon
Approximating processes
In this whole subsection, l ∈ N * is fixed. To simplify we restrict the study of the paths on the time interval [0, 1]. It is obvious that all the results in the sequel hold true on any time interval [0, T ], T 1, up to a change of constants.
We construct the approximating process X l in order that it "essentially" stays in the bounded cube Λ l = [−l, l] d (in a sense which will be clear soon). To obtain such a behavior, we introduce in the equation (E) a supplementary gradient drift ∇ψ l,η which vanishes in a subset of Λ l and is repulsive outside of Λ l .
More precisely, for any allowed configuration η ∈ A which support is disjoint to Λ l , we fix a R + -valued function ψ l,η on R d which is C 2 with bounded derivatives and vanishes on each (and only on) y ∈ Λ l such that yη is an allowed configuration, that is
We extend the definition of ψ l,η to any configuration η ∈ A by : ψ l,η = ψ l,η Λ c l . We also choose the family (ψ l,η ) l such that, for every η ∈ A,
For η ∈ A and n ∈ N * , let us now define the n-dimensional stochastic differential equation :
with L ij ≡ L ji for all i and j and L ij (t) =
Since the drift − n ) admits a unique strong solution for each initial n-point configuration x ∈ A ∩ (R d ) n (see thorem 5.1 of [24] ). We denote this solution by X l,η,n (x, ·). For a general initial configuration x ∈ A, we extend the above process as follows : 
Convergence for a deterministic initial condition
In this section, we construct the limit of (X l,x ) l when l → +∞ for convenient initial configurations x. This is possible except for certain so-called bad paths ω : they are paths such that at least a particle interacts with a great number of other ones, either because it moves very fast, or because it belongs to a large chain of interacting particles. So, for m ∈ N, a ≥ 1 and ε > 0, the set of "Bad trajectories" B(m, a, ε) is the union of two sets :
The setB(m, a, ε) contains paths for which a particle i has a high modulus of continuity w defined as usual by w(
The setB(m, ε) contains paths for which at some time a large chain of particles interacts :
For x ∈ A let us define the set Ω x 0 as follows :
We also define the set of paths :
Proposition 3.1 For every x ∈ A, for every ω in Ω x 0 and every i ∈ N * , the sequence (X
Proof See sections 4 and 5 of [6] .
Remark that for any x ∈ A, the convergence of the sequence (X l,x ) l towards X ∞,x takes place in C(R + , M).
Reversible measures
We first present the already known important fact that Gibbs measures are reversible.
Canonical Gibbs measures in G(z) are reversible for (E)
Proposition 4.1 The stochastic equation (E) admits a time-reversible solution with values in A for any initial Gibbs distribution µ ∈ G(z) with µ(A) = 1. Thus any canonical Gibbs measure µ ∈ CG with support included in A is reversible too.
Proof
When the initial measure µ is Gibbsian, the solution of (E) is approximated by reversible finitedimensional processes solution of (E l,η n ). This implies its reversibility (see proposition 5.5 of [6] for a detailed proof).
When the initial measure is canonical Gibbs, it is reversible as a mixing of Gibbs measures, which are reversible.
In the next proposition, we claim the existence of Gibbs measures with support included in the space of allowed configurations A. Gibbs measure µ ∈ G(z) with 0 < z < z c has its support included in A.
Proof See [6] proposition 5.1.
Remark 4.3 :
The critical value z c given here appears for technical reasons in a percolation type estimate. For z ≥ z c Gibbs measures of G(z) are also reversible (see [7] Proposition 3.1) but we are not able to give an explicit simple description like A of their supports .
The infinitesimal generator A and the spaces of test functions
Let us first introduce some definitions of differentiability for functions defined on the space of configurations M.
xx g(xγ) denote the first and second derivatives of y → g(yγ) at y = x.
Remark that any local C 0 function is bounded and that any local C 1 function has a bounded derivative : sup
Definition 4.5 T denotes the set of all local C 2 functions on M.
Since we study a dynamics with reflection on the boundary of the set of allowed configurations, it is natural to use the following set of test functions. Definition 4.6 Let T 0 ⊂ T denote the set of functions on M whose first derivative is orthogonal to the normal vector on the boundary of the set A of allowed configurations, that is :
Let us consider a fixed test function f ∈ T and the strong solution X ∞ of equation (E) constructed in section 3. The Itô Formula holds for X = X ∞ (see e.g. [17] , Theorem 27.2) :
If f ∈ T 0 , the reflection term vanishes :
Since f is local and f 's first derivative is bounded, i∈N t 0 |D X i (s) f (X(s))| 2 ds is bounded independently of the initial condition X(0) and thus, i∈N
Af (X(s)) ds is a square-integrable martingale, (11) where A, called the infinitesimal generator associated to the stochastic differential equation (E), is given by
with (∇ϕ * γ)(x) = R d ∇ϕ(x − y) γ(dy).
Remark 4.7 :
For any g ∈ T the function Ag is still local. More precisely, if g is Λ-local then Ag is B(Λ, R)-local :
Let us now verify the foundamental symmetry property of the infinitesimal generator A under any measure µ which is reversible for the gradient-system (E).
Proposition 4.8 Let µ be a Probability measure on A. If the solution of the gradient-system (E) with µ as initial distribution is time-reversible, then the infinitesimal generator A is symmetrical on T 0 :
(13)
Proof The time-reversibility of the process X solution of (E) implies that, for any time t > 0 and any f, g
But, applying the Itô Formula and the martingale property (11) one gets
Since the paths t → X t are continuous at time 0 and Af and Ag are bounded C 0 functions when f and g belong to T 0 , one obtains
In a finite-dimensional context, the above Symmetry Property under µ would be strong enough to characterize µ as a Gibbs measure. However, the configuration space we are dealing with is infinite-dimensional, and the space of test functions T 0 is too small to generate all functions on which A is symmetrical. Thus, we introduce in the next subsections a local version of (13), which will be satisfied for the whole set of test functions T .
The security functions
To localize (13), we define a family of security functions used as "collision detectors" : they vanish for configurations containing, in a bounded region, balls which are too close.
Definition 4.9 For any fixed compact set K ⊂ R d and for ε > 0, we define the function S ε K on M by
where1 I Remark that the functions S ε K are elements of T . Indeed, they are K-local with K := B(K, 1 + √ r 2 + 2ε 2 ) and they are C ∞ on M. However, S ε K does not belong to T 0 , since its derivative
Let us now describe some characteristic properties of these functions.
Lemma 4.10
The function S ε K vanishes on the following set of configurations :
and is equal to 1 on the set of configurations :
Moreover, the function S ε K increases as ε decreases and
for any measure µ such that µ({γ : ∃i, j, |γ i − γ j | = r}) = 0.
Proof If the center of a particle γ i ∈ γ is in K (hence1 I K (γ i ) = 1) and at least one other particle of γ is at a distance smaller than
in the definition (14) the sum is greater than 1 and S ε K (γ) = 0. On the other side, suppose a particle γ i in γ is at a distance greater than √ r 2 + 2ε 2 from every other particle; then one has
that is for each γ i such that1 I K (γ i ) = 0, then the sum in (14) vanishes and S ε K (γ) = 1.
Moreover, for each γ ∈ A, the pseudo-indicator function1
) increases as ε decreases to 0 to the indicator function 1 I |γ i −γ j | =r , thus
For measures µ such that µ({γ : ∃i, j, |γ i − γ j | = r}) = 0, this function is µ-a.s. equal to 1 and consequently lim
The Detailed Balance Equation 5 Detailed Balance Equation, Campbell measures and canonical Gibbs measures
In this section we first prove that any measure satisfying the Detailed Balance Equation (15) also obeys an integral equation exhibiting a symmetry property of the associated Campbell measure.
In the second subsection we conclude the proof of the main theorem 2.6 by proving that such a measure is necessarily canonical Gibbs associated to the appropriate potential.
From the Detailed Balance Equation to Campbell measures
Proposition 5.1 Let µ be a Probability measure on A with support included in A. Suppose that for every ∆ compact subset of R d and µ-almost all η, µ(.|B ∆ c )(η) has a density u ∆ (.|η ∆ c ) with respect to π ∆ which satisfies assumption (5) . If the detailed balance equation (15) is satisfied under µ, then for any positive measurable local function F on R d ×R d ×A, the following symmetry property holds :
The integral I 2 being symmetric inf andg, this implies that the sum I 1 + I 3 remains unchanged iff andg are interchanged.
Step 2 : Analysis of I 1 + I 3 We consider functionsf andg which are Λ-local for some bounded subset Λ with B(Λ, R) ⊂ ∆ ⊂ K and remark that D xg and D 2 xxg are Λ-local too and Ag is ∆-local (since B(Λ, R) ⊂ ∆). We also choose f 3 C-local with C ∩ ∆ = ∅ and B(C, R) ⊂ K. Thus, decomposing η inside and outside of ∆, one has
To transform the integral term J(η) we now use the Campbell measure of the Poisson Process π ∆ . Then, since ∇ϕ * (xξ)(x) = ∇ϕ * ξ(x) + ∇ϕ(0) = ∇ϕ * ξ(x),
We recognize under the Lebesgue integral a divergence term :
and then, thanks to the regularity assumptions (5) on the function u ∆ , we get by partial integration
(Notice that the boundary terms vanish : on the exterior boundary of ∆, D xg (xξ) = 0 since D xg is Λ-local, Λ ⊂ ∆, and on the interior boundary ∂B(ξ, r) = {x ∈ R d such that ∃ξ i :
The integral term J 1 is symmetric inf andg. Using again the Campbell measure of π ∆ , the integral term J 3 becomes
in such a way that
Thus the symmetry of I 1 + I 3 inf andg is equivalent to the symmetry of A f 2 3 (η ∆ c )J 2 (η)µ(dη). Using once more the form of the Campbell measure of π ∆ , this means
Forg = f 4f , this equality becomes
At this stage, we would like to let disappear the function S ε K under the integral by taking the limit for ε → 0. We may take the limit under the integral, as the following technical lemma claims.
Lemma 5.2 Let m be a positive measure on some measurable space E. Let g be a real-valued measurable function on E and (g n ) n be a sequence of positive functions on E. If one of the following assumptions is satisfied (A1) (g n ) n is bounded increasing and g ∈ L 1 (m) (A2) (g n ) n is decreasing then ∀n ∈ N,
Proof Remark that E g n g + dm = E g n g − dm and apply monotone convergence theorem.
Apply Lemma 5.2 to E = A ∆ × A ∆ c and to the increasing sequence g n = (S 1/n K ) 2 . One can prove similarly to Lemma 2.7 that π ∆ × µ ∆ c ({γ : ∃i, j, |γ i − γ j | = r}) = 0, and thus by Lemma 4.10 one get lim n S 1/n K = 1 a.s.. Since f 3 ,f , D.f 4 are bounded functions and, by assumption (5),
Step 3 : Form of the local conditional density u ∆ (.|η ∆ c ) To derive informations on the form of u ∆ from the equation (18), we need to particularize the class of test functions. We decomposef andg as follows:
The choice we now present for f 1 , f 2 , f 4 is inspired by [10] Proposition 2.38, in which the author analyzed the case of particles without hard core.
• functions f 2 characterize the configuration inside of Λ: to each f 2 is associated a C ∞ -function ϕ 2 on R d with compact support Λ satisfying B(Λ, R) ⊂ ∆ such that
• functions f 3 characterize the configuration outside ∆: to each f 3 , is associated a C ∞ -function ϕ 3 on R d with compact support C ⊂ ∆ c such that
• functions f 1 vanish if some ball of the configuration is too close to the boundary of a fixed bounded domain V with B(V, R) ⊂ Λ :
where ψ 1 is a C ∞ non-increasing function on R + with values in [0, 1] satisfying ψ 1 (0) = 1 and ψ 1 (u) = 0 for u ≥ 1, and ϕ δ 1 is a C ∞ -function on R d , δ-approximation of the indicator function of the inner
• functions f 4 have one directional derivative equal to a smooth approximation of the indicator function of a compact interval:
4 is a smooth approximation of the indicator function 1 I I , with I ⊂ R a compact interval included in the projection of V along the i-coordinate.
and f 2 are Λ-local, f 4 is V -local and f 3 is C-local. Inserting the value of D x f 4 in the equation (18), we get
Next, we let δ decrease towards 0, which implies that f 1 (ξ) decreases towards 1 I ξ V ∩B(V c ,ε 1 )=∅ . Remark that, for any x ∈ ξ, the following equality holds: for any x ∈ ξ and for π Λ -almost all ξ ∈ A. We can now let vary f 3 in the class described above, and obtain ∇ i u ∆ (x(ξ x)|η ∆ c )e ϕ * ξ(x) = 0, for any i ∈ {1, . . . , d} and any x ∈ ξ, for π Λ -almost all ξ ∈ A and for µ-almost all η 
for π ∆ -almost all xξ ∈ A ∆ and µ-almost all η ∆ c .
Step 4 : Symmetry of some integral under the Campbell measure Let us now consider the left hand side of equation (16) This last expression being symmetric in x and y, it is also equal to the right hand side of equation (16).
Canonical Gibbs measures characterized by their Campbell measures
Proposition 5.3 Let µ be a Probability measure on A with support included in A. Suppose that under the Campbell measure of µ the symmetry property (16) holds. Then µ is a canonical Gibbs measure in CG.
Proof In [10] Proposition 2.29, the author proved this assertion only for a system without hard core, that is when r, the radius of the balls, vanishes. We adapt here his arguments to the hard core situation. Let F be any positive measurable local function on R d × R d × A. Applying the symmetry equation (16) to the function (x, y, η) → e E(x|η) F (y, x, η) 1 I A (xη) (with the usual convention +∞.0 = 0) we get
F (x, y, η x)1 I A (y(η x)) dy η(dx) µ(dη)
e −E(y|η x)+E(x|η x) F (y, x, η x) dy η(dx) µ(dη).
By induction, one proves similarly as in [10] that for any n ∈ N * and any positive measurable local function
where the measure η (n) defined on A ∩ (R d ) n by η (n) = ζ⊂η:Cardζ=n δ ζ is the sum of all point measures concentrated on the subsets of η with cardinality n, the measure d (n) ξ is defined on
G(δ x 1 +· · ·+δ xn ) dx 1 · · · dx n and E(ξ|η) := E R d (ξ|η) is the energy of the n points configuration ξ with respect to the full configuration η as external configuration (which is finite if ξη ∈ A). It is important to remark that the induction works because 1 I A (y(η x))1 I A (ξ(yη xζ)) = 1 I A (y(η x))1 I A (yξ(η xζ)).
Therefore, since the symmetry equation (21) is satisfied under µ, using the proof (b) ⇒ (a) from Proposition 2.29 [10] , we conclude that µ is a canonical Gibbs measure associated to the smooth potential ϕ on the set of allowed configuration A, that is µ ∈ CG.
